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MAPPING CLASS GROUPS OF HEEGAARD
SPLITTINGS
JESSE JOHNSON AND HYAM RUBINSTEIN
Abstract. The mapping class group of a Heegaard splitting is
the group of automorphisms of the ambient 3-manifold that take
the surface onto itself, modulo isotopies that keep the surface on
itself. We characterize the mapping classes that restrict to periodic
and reducible automorphisms of the surface.
Given a 3-manifold M , define Aut(M) to be the group of automor-
phisms (self homeomorphisms) ofM . The set of connected components
ofAut(M) forms a groupMod(M) called themapping class group ofM .
Given a Heegaard splitting (Σ, H−, H+) ofM , we will define Aut(M,Σ)
to be the subset of Aut(M) consisting of all maps that send Σ onto
itself. The set of connected components of Aut(M,Σ) forms a group,
the mapping class group of Σ, which we will denote Mod(M,Σ). Note
that both the areas of automorphisms of 3-manifolds (and knots and
links in S3) and Heegaard splittings of 3-manifolds (tunnel systems for
knots and links) are highly developed.
There has been some work on the connection between these areas,
as a tool to obtain bounds for the number of Heegaard splittings or
the size of the automorphism group of a 3-manifold, in terms of each
other. However the natural connection between these areas, namely the
study of the mapping class group Aut(M,Σ) of a Heegaard splitting
Σ, has not been systematically investigated. One key to understanding
Aut(M,Σ) is the observation that an element of the kernel of the map
from Aut(M,Σ) to Aut(M) corresponds to a non-trivial loop of embed-
dings of the Heegaard surface. In fact, for a hyperbolic 3-manifold the
space of embedded surfaces isotopic to Σ is a classifying space for the
kernel [18]. Just as strongly irreducible Heegaard surfaces define mini-
mal surfaces of index one, such loops of embeddings should determine
minimal surfaces of index two. See Bachman [2] and Hass, Thompson,
Thurston [12] for further developments of similar ideas.
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An element ofMod(M,Σ) will be called periodic, reducible or pseudo-
Anosov if its restriction to Σ is periodic, reducible or pseudo Anosov,
respectively. We will present below characterizations of periodic and
reducible elements of Mod(M,Σ), as well as showing that stabilized
Heegaard splittings admit a large number of pseudo-Anosov automor-
phisms.
One can construct a Heegaard splitting with periodic elements in
its mapping class group as follows: Let N be a 3-manifold and M a
finite, regular branched or unbranched cover of N . Let (R,G−, G+) be
a Heegaard splitting of N . If the covering of N is branched, assume
the branch set B is in bridge position with respect to Σ, i.e. that
every component of B \ Σ is an arc or tree that is parallel into Σ.
This condition on the branch set implies that the Heegaard splitting
(R,G−, G+) lifts to a Heegaard splitting (Σ, H−, H+) of M .
The deck transformations of the covering define a finite group of
automorphisms of M . These automophisms take Σ onto itself so they
define a finite subgroup of Mod(M,Σ). We prove the following in
Section 2:
1. Theorem. Let G ⊂Mod(M,Σ) be a finite subgroup of the mapping
class group of a Heegaard splitting (Σ, H−, H+). Then M is a (possibly
branched) finite cover of a manifold N such that (Σ, H−, H+) is the
lift of a Heegaard splitting (R,G−, G+) for N , the branch set of the
covering is in bridge position with respect to R and the group G is
induced by the deck transformations of the covering.
Each connected component of Aut(M,Σ) is a subset of a connected
component of Aut(M), so the inclusion map in Aut(M) determines a
canonical homomorphism i : Mod(M,Σ) → Mod(M). In general, this
map need be neither injective nor surjective. Elements in the kernel of
i correspond to isotopy trivial automorphisms of M . In a hyperbolic
3-manifold, finite order automorphisms cannot be isotopy trivial, so
Theorem 1 implies the following:
2. Corollary. Assume M is a closed hyperbolic 3-manifold. Then the
kernel of the canonical homomorphism i : Mod(M,Σ) → Mod(M)
contains no finite order elements and i is one-to-one if and only if
Mod(M,Σ) is finite.
Reducible elements of Mod(M,Σ) defy any single classification such
as that of periodic elements. On the one hand reducible automorphisms
can have “local” behaviour defined by an isotopy within a proper sub-
manifold of M . In Section 3, we show that such an automorphism
exists whenever there are disks H−, H+ that intersect in exactly two
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points. This intersection need not be minimal, so in particular every
weakly reducible Heegaard splitting contains such an element.
The second type of reducible automorphism, described in Section 4,
comes from an isotopy that sweeps through the entire manifold and is
defined by an open book decomposition. A third type is induced by
a one-sided Heegaard splitting of M or a structure we call a branched
Heegaard splitting. We describe reducible automorphisms of such Hee-
gaard splittings in Section 5, then in Section 6, we show that under
reasonable conditions, every reducible automorphism is either local or
induced by an open book decomposition, a one-sided Heegaard surface
or a branched Heegaard surface.
3. Theorem. Assume M is hyperbolic and Σ is strongly irreducible.
If φ ∈ Mod(M,Σ) is reducible and L ⊂ Σ is the fixed set of φ then
either φ is induced by an open book decomposition, a one-sided Hee-
gaard splitting or a branched Heegaard splitting that defines Σ or φ is
periodic outside a submanifold N ⊂ M whose boundary is a union of
surfaces that result from maximally compressing subsurfaces of Σ in
the complement of L.
Finally, in Section 7, we consider the case of pseudo Anosov maps.
In this case, we are only able to show that every stabilized Heegaard
splitting has pseudo Anosov elements in its kernel. The problem of
characterizing in general Heegaard splittings with pseudo Anosov au-
tomorphisms remains open.
1. The Mapping Class Group
A Heegaard splitting for a 3-manifold M is a triple (Σ, H−, H+)
where H−, H+ ⊂ M are handlebodies (manifolds homeomorphic to
regular neighborhoods of graphs) and Σ is a compact, connected, closed
and orientable surface embedded in M such that H− ∪H+ = M and
∂H− = Σ = ∂H+.
As noted above, Mod(M,Σ) is the group of equivalence classes of
automorphisms of M that take Σ onto itself. Two automorphisms are
equivalent if there is an isotopy from one to the other by automorphisms
that take Σ onto itself. In this paper, we will restrict our attention to
elements ofMod(M,Σ) that are orientation preserving onM and orien-
tation preserving on Σ. Such automorphisms take the handlebody H−
onto itself and H+ onto itself. If automorphisms that swap the handle-
bodies or reverse the orientation onM exist, the orientation preserving
automorphisms that preserve the handlebodies form an index two or
four subgroup.
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Throughout the paper, i will refer to the homomorphismMod(M,Σ)→
Mod(M) induced by “forgetting” Σ and considering each element of
Mod(M,Σ) as an automorphism of M . The two immediately obvious
questions to ask are when i will be onto and when i will be one-to-one.
The first of these questions relates to two classical questions from the
field of Heegaard splittings.
Two Heegaard surfaces, Σ and R of a manifold M are called home-
omorphic if there is an automorphism of M taking Σ onto R. The
surfaces are isotopic if there is an automorphism that is isotopic to the
identity and sends Σ onto R.
For any Heegaard surface R homeomorphic to Σ, there is an auto-
morphism φ of M such that φ(Σ) = R. If the homomorphism i is onto
then there is an automorphism ψ that is isotopic to φ and sends Σ onto
itself. The map φ ◦ ψ−1 is isotopic to the identity on M and sends Σ
onto R, so Σ is in fact isotopic to R. Combining this argument with
its converse, we get the following:
4. Proposition. The homomorphism i is onto if and only if every
Heegaard splitting that is homeomorphic to Σ is isotopic to Σ.
Li [20] showed that an atoroidal manifold has only finitely many
isotopy classes of Heegaard splittings for each genus. This implies that
for atoroidal manifolds, the image of i has finite index in Mod(M).
For toroidal manifolds, Morimoto and Sakuma [26] have found a
number of tunnel number one knot complements and Bachman and
Derby-Talbot [3] have found Seifert fibered spaces with an infinite num-
ber of homeomorphic, non-isotopic Heegaard splittings. For all these
Heegaard splittings, the image of i has infinite index. The question of
the kernel of i appears to have no classical analogue.
If the automorphism of Σ is isotopic to the identity then it is isotopic
to the identity on each handlebody, so φ is trivial inMod(M,Σ). Thus
the restriction map from Mod(M,Σ) to Mod(Σ) is an injection. An
element ofMod(M,Σ) will have finite order if and only if its restriction
to Σ has finite order.
Mapping class groups of Heegaard splittings have been studied in
a number of different contexts. As part of a study of tunnel number
one knots in S3, Goeritz [11] showed that the mapping class group of
a genus two Heegaard splitting of S3 is finitely generated. Scharle-
mann [33] recently published a new proof of this result, then shortly
afterwards, the group was shown to be finitely presented independently
by Akbas [1] and Cho [7]. Scharlemann’s proof was also a main tool
in Cho and McCullough’s work on the tree of unknotting tunnels [8].
A finite generating set for the mapping class group of the standard
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genus-three Heegaard splitting of the 3-torus has been found by the
first author [15].
Futer [10] showed that the only tunnel number one knots with an
automorphism of the complement that reverses the orientation of the
knot and preserves a genus two Heegaard splitting are two bridge knots.
The genus two Heegaard splittings are those coming from level tunnels
joining the two maxima or the two minima.
In order to study automorphisms of 3-manifolds, Birman and the
second author have classified the mapping class groups of a number of
one sided Heegaard splittings [30]. Zimmermann [34] used automor-
phisms of Heegaard splittings to find hyperbolic 3-manifolds with large
mapping class groups and Oertel [28] has given a nice characterization
of automorphisms of handlebodies. Oertel and Carvalho [5] used this
to characterize automorphisms of reducible manifolds.
Casson and Long [6] found an algorithm to determine if a pseudo
Anosov map on the boundary of a handlebody extends to the entire
handlebody. They did this not in the context of Heegaard splittings,
but to determine when a knot is not homotopically ribbon. Long later
found the first (and so far only) example of an irreducible Heegaard
splitting with a pseudo Anosov automorphism [22].
The first author and Darryl McCullough showed that the homotopy
type of the space of embeddings of (unmarked) surfaces isotopic to Σ is
determined by a certain long exact sequence involving Mod(M,Σ) and
the homotopy groups of Diff(Σ) and Diff(M). For M a hyperbolic
3-manifold, the space of embeddings turns out to be a classifying space
for the kernel of the homomorphism i : Mod(M,Σ) → Mod(M), i.e.
a space with this group as its fundamental group and a contractible
universal cover.
A Heegaard splitting (Σ, H−, H+) determines two subsets H−, H+ in
the curve complex C(Σ) consisting of the loops bounding disks in H−,
and H+ respectively. The edge-path distance between these two sets
is the distance of the Heegaard splitting, as defined by Hempel [14].
For genus three and greater, the group Mod(M,Σ) is isomorphic to
the group of isometries of C(Σ) that take each set H± onto itself. Na-
mazi [27] used this fact to show that for sufficiently high distance (de-
pending on the genus) Heegaard splittings, the mapping class group
of the Heegaard splitting is finite. The first author later showed using
purely topological methods that this is true for any Heegaard splitting
with distance four or greater in any genus [17].
More recently, Campisi and Rathbun have shown that the disk sets
H± are determined by their large scale geometry [4]. They conclude
thatMod(M,Σ) is isomorphic to the group of quasi-isometries of C(Σ)
6 JESSE JOHNSON AND HYAM RUBINSTEIN
(modulo bounded-distance maps) that keep each setH± within a bounded
neighborhood of itself. Thus topological results about the mapping
class group can be translated into results about quasi-isometry groups
in the complex of curves.
One can also deduce a finite mapping class group from Lustig and
Moriah’s double rectangle condition [23]. If a Heegaard splitting has
one or more diagrams satisfying the double rectangle condition then
these are permuted by the mapping class group, and Lustig and Moriah
have shown that every Heegaard splitting has at most finitely many
such diagrams.
2. Periodic automorphisms
To prove Theorem 1 for a finite subgroup G ofMod(M,Σ), we would
like to find an isomorphic subgroup G′ of Aut(M,Σ) that maps onto
G by the inclusion map. The Nielsen Realization Theorem [19] implies
that there is a subgroup G′′ of Aut(Σ) with this property. The Equi-
variant Disk Lemma in [25] states that there is a system of disks in
each handlebody that behaves nicely under G′′, and we will use this
system of disks to extend G′′ into the handlebodies.
We paraphrase the Equivariant Disk Lemma as follows:
5. Theorem (Equivariant Disk Theorem - Theorem 7 in [25]). Let
G′′ ⊂ Isom(Σ) be a finite group of isometries of Σ = ∂H such that each
isometry extends to an automorphism of H. Then there is a collection
L of essential, simple closed geodesics in Σ, bounding pairwise disjoint,
properly embedded disks such that G′′ permutes the loops in L and the
complement in Σ of L is planar.
6. Corollary. Let G′′ ⊂ Isom(Σ) be a finite group of isometries of
Σ = ∂H such that each isometry extends to an automorphism of H.
Then there is an isomorphic subgroup G′ ⊂ Aut(H) such that each
element of G′ restricts to an element of G′′ and the set of fixed points
form boundary parallel arcs and trees in H.
Proof. We will construct the group G′ in the piecewise linear category.
Let L be a collection of simple closed curves, guaranteed by the Equi-
variant Disk Theorem, that are permuted by G′′ and bound a collection
D of disks in H . Choose a triangulation of Σ such that L is contained
in the 1-skeleton, each isometry of G′′ is simplicial and each fixed point
is a vertex of the triangulation.
Extend this triangulation to each disk by taking the cone over the
triangulation of its boundary. This triangulation consists of a vertex in
the center of the disk and edges from this vertex to each vertex in the
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boundary. Then for each g ∈ G′′, the cone structure induces a unique
simplicial map that fixes the interior vertex and agrees with g on the
boundary of the disk.
The complement of the disks is a collection of balls whose boundaries
are now triangulated. Extend this triangulation to the balls by taking
a cone over the boundary of each ball. We can again extend g to H
by the unique simplicial map that fixes the interior vertex and agrees
with g on the boundaries of the balls.
For each element g of G′′, there is a unique simplicial map of H that
agrees with g on the boundary. The set G′ ⊂ Aut(H) consisting of
these maps is a subgroup such that each element of G′ restricts to an
element of G′′. The fixed point set in H consists of the edges that have
one vertex at a fixed point in ∂H and the other vertex in the interior
of H , or vertices at the center of a disk and a ball in the interior.
Any properly embedded arcs and graphs consisting of these edges are
boundary parallel. 
Proof of Theorem 1. Let G ⊂ Mod(M,Σ) be a finite subgroup of the
mapping class group of a Heegaard splitting (Σ, H−, H+). The restric-
tion of G to Σ is a subgroup of the mapping class group Mod(Σ). By
the Nielsen realization Theorem [19], there is a hyperbolic structure on
Σ and a subgroup G′′ of Isom(Σ) such that the restriction map from
G to G′′ is an isomorphism.
By Corollary 6, the groupG′′ extends to a finite subgroup ofAut(H−)
and to a finite subgroup of Aut(H+). Thus G′′ extends to a subgroup
G′ of Aut(M).
Let N be the quotient ofM by orbits of G′. Because G′′ is piecewise-
linear and finite, the inclusion map M → N is a (possibly branched)
finite cover and G′′ is the group of deck transformations for this cover.
Because the set of fixed points is boundary parallel in each handlebody,
the preimage in N of each handlebody is a handlebody, the Heegaard
surface descends to a Heegaard surface R and the branch set is in bridge
position with respect to R. 
Theorem 1 allows us to pose the question of periodic elements of the
kernel in terms of deck transformations of finite covers. Or, equiva-
lently, we can think of the deck transformations as a group action on
M by the finite subgroup of Mod(M,Σ). This allows us to employ a
recent Theorem of Dinkelbach and Leeb. The following is Theorem 1.2
from [9]:
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7. Theorem (Dinkelbach and Leeb [9]). Any smooth action by a finite
group on a closed hyperbolic 3-manifold is smoothly conjugate to an
isometric action.
Proof of Corollary 2. Let (Σ, H−, H+) be a Heegaard splitting of a hy-
perbolic 3-manifold M and let φ be a periodic element of Mod(M,Σ).
Let G be the (finite) subgroup ofMod(M,Σ) generated by φ. By The-
orem 1, M is a (possibly branched) finite cover of a manifold N such
that φ is induced by a deck transformation of the covering. The deck
transformations induce a smooth action of M by G, so Theorem 7 im-
plies that the action by G is conjugate to an action by isometries. No
isometry of a hyperbolic 3-manifold is isotopy trivial, so φ is conjugate
to an isotopy non-trivial automorphism of M . This implies that φ is
isotopy non-trivial, and therefore φ is not in the kernel of the homo-
morphism i :Mod(M,Σ)→Mod(M). 
3. Weakly Reducible Splittings
A Heegaard splitting (Σ, H−, H+) is weakly reducible if there are
properly embedded, essential disks D1, D2 in H
−, H+, respectively
such that the boundaries of D1 and D2 are disjoint in Σ. In this section
we show that for every weakly reducible Heegaard splitting, the kernel
of the induced homomorphism i contains infinite order, reducible ele-
ments. However, we begin by showing that a slightly weaker condition
is enough to imply this.
8. Lemma. Let (Σ, H−, H+) be a Heegaard splitting of genus at least 3.
If there are essential, properly embedded disks D1 ⊂ H
− and D2 ⊂ H
+
whose boundaries intersect transversely in precisely two points then the
kernel of i contains an infinite order reducible element or the boundary
loops of D1 and D2 are isotopic.
Proof. Let (Σ, H−, H+) be a Heegaard splitting of a manifold M of
genus at least 3 and let D1 ⊂ H
−, D2 ⊂ H
+ be properly embedded,
essential disks whose boundaries are not isotopic in Σ. Assume ∂D1 ∩
∂D2 consists of two points. If we orient ∂D1 and ∂D2 then at each
intersection the orientations of the loops will induce an orientation of
Σ. We have two cases to consider: when the induced orientations agree
and when they disagree.
Let N be the closure of a regular neighborhood of D1∪D2. Because
there are two points of intersection, N is a solid torus. The portion
of Σ inside N is shown, cut along a meridian, in Figure 1. We can
recover Σ ∩N by gluing the top to the bottom, either directly or with
a half twist. If the orientations at the two intersections disagree then
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we glue directly and the surface Σ∩N will be a four punctured sphere
whose boundary consists of four simple closed curves in ∂N . Two loops
with this intersection pattern are shown on the left in Figure 2 and the
reader will note that a regular neighborhood is a four-times punctured
sphere.
If the orientations agree then we glue with a twist and Σ∩N will be
a twice punctured torus, whose boundary consists of two simple closed
curves in Σ. Two loops with this intersection pattern are shown on the
right side of Figure 2, and the reader will see that they sit in a torus.
The loops Σ ∩ ∂N are four parallel longitudes of N in the first case,
and two loops that each wrap twice around a longitude of N in the
second case.
Figure 1. A neighborhood of the two disks is a solid torus.
Figure 2. If disks intersect in two points, the induced
orientations at the intersections may agree or disagree.
In both cases, “spinning” N along its longitude induces an automor-
phism of the solid torus N that fixes the boundary of N and induces an
automorphism of Σ ∩N consisting of Dehn twists along loops parallel
to Σ ∩ ∂N . If the induced automorphism is trivial then each loop of
Σ∩∂N either bounds a disk in Σ or cobounds an annulus with a second
loop in Σ ∩ ∂N .
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In the case when the orientations disagree, there are four loops. If
two of the loops in Σ∩ ∂N are trivial in Σ then either one of the loops
∂D1, ∂D2 is trivial in Σ or the two loops are parallel. Because we
assumed both loops are essential, we conclude that in this case, the
two loops are parallel.
If each loop in Σ∩ ∂N is parallel to a second loop in Σ∩ ∂N then Σ
is the union of the four punctured sphere Σ∩N and two annuli. In this
case Σ has genus two. We assumed that Σ has genus at least 3 so in
the case when the orientations at the intersections agree, we conclude
that the induced automorphism is non-trivial on Σ or ∂D1 and ∂D2
are isotopic.
Next consider the case when the orientations at the intersections
agree and Σ∩N is a twice punctured torus. If the two loops in Σ∩∂N
are parallel then Σ is the union of a twice punctured torus and an
annulus. This surface has genus two. If both loops bound disks then
the surface is a closed torus. Because of the assumption that Σ has
genus at least three, we conclude that the induced automorphism is
non-trivial. 
There exist strongly irreducible Heegaard splittings that have a pair
of disks that intersect in two points, some of which will be constructed
in Section 5.
If (Σ, H−, H+) is a weakly reducible Heegaard splitting with genus
at least three, then we can always find a pair of disks that intersect in
two points. Let D1 ⊂ H
−, D2 ⊂ H
+ be disks with disjoint boundaries.
If their boundaries are parallel then replace D1 with a second disk in
H− that is disjoint from the original D1 (and therefore from ∂D2) and
not parallel to D1.
Choose an arc α with one endpoint in ∂D1, the second endpoint in
∂D2 and interior disjoint from both loops. Dragging the boundary of
D1 along this arc produces a disk D
′
1 that intersects ∂D2 in exactly
two points. The disks D′1, D2 satisfy the conditions of Lemma 8, so we
conclude that the kernel of the homomorphism i contains an infinite
order, reducible element.
If Σ is weakly reducible and genus two, we note that a weakly re-
ducible, genus two Heegaard splitting is always reducible. (This is a
straightforward exercise.) Let D1 ⊂ H
− be a separating disk whose
boundary also bounds a disk in H+. Let D2 ⊂ H
+ be a non-separating
disk whose boundary is disjoint from ∂D1. As in the proof of Lemma 8,
we can isotope ∂D2 to intersect ∂D1 in two points. Let N be a regular
neighborhood in Σ of these two loops. The boundary of N consists of
a trivial loop, two parallel loops and one non-trivial, separating loop.
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Thus a composition of Dehn twists along these loops will not be trivial
in Mod(Σ), but trivial in Mod(M). Thus we conclude the following:
9. Corollary. If (Σ, H−, H+) is a weakly reducible Heegaard splitting
then the kernel of i contains a reducible element.
Note that in this construction, the orientations defined by the two
intersections agree, so the automorphism of Σ consists of Dehn twists
along the boundary loops of a four punctured sphere. However, one of
these loops is trivial in Σ, so we are in fact twisting along the boundary
loops of a pair of pants, specifically a regular neighborhood of ∂D1 ∪
α ∪ ∂D2.
4. Open book decompositions
An open book decomposition for a 3-manifold M is an ordered pair
(L, φ) where L ⊂ M is a link and φ : (M \ L) → S1 is a fibration of
the complement of L. One can construct a Heegaard splitting for M
from the open book decomposition (L, φ) as follows:
Parametrize S1 as the interval [0, 1] with its endpoints identified. The
preimage φ−1((0, 1
2
)) is homeomorphic to the interior of a punctured
surface cross an interval. Its closure in M is a handlebody H− which
is the union of L and φ−1([0, 1
2
]). The closure of the set φ−1((1
2
, 1)) is a
second handlebody H+ such that H− ∩H+ is a surface Σ which is the
union of L and the surfaces φ−1({0, 1
2
}). The triple (Σ, H−, H+) is the
Heegaard splitting for M induced from (L, φ).
10. Lemma. If (Σ, H−, H+) is induced by an open book decomposition
(L, φ) of M then the kernel of i contains a reducible element.
Proof. Let N be a closed regular neighborhood of the link L. The
complement of N is homeomorphic to the result of gluing the surface
product S × [0, 1] by a map ψ : (S × {0})→ (S × {1}).
There is a family {ht} of maps from the complement of N to itself
such that h0 is the identity and ht sends each leaf S×{x} onto S×{x+t}
where x + t is taken modulo 1. Each ht extends to an automorphism
of M by rotating the solid tori of N .
For each integer n, hn takes the surface Σ to itself and each han-
dlebody onto itself. The induced automorphism on Σ fixes the loops
L ⊂ Σ and restricts to ψn on the complement of L. 
Note that all Heegaard splittings induced by open book decompo-
sitions have distance at most two: If Σ is induced by an open book
decomposition, with leaf S, let α be a properly embedded, essential
arc in S and β a disjoint, essential, simple closed curve in S.
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The Heegaard splitting is determined by the handlebodies S × [0, 1
2
]
and S×[1
2
, 1] in which α×[0, 1
2
] and α×[1
2
, 1], respectively, are properly
embedded, essential disks. Both disks are disjoint from the loop β ×
{1
2
}, which is essential in the Heegaard surface. Thus the splitting has
distance at most two.
Conversely, Masur and Schleimer have shown (Lemma 12.12 in [24])
that the set of arcs in S defined by the boundary of a disk D in S×[0, 1
2
]
by taking the intersection of ∂D with S × {0} and S × {1
2
} form a set
with diameter at most 6 in the arc complex. If there are disjoint disks
in S × [0, 1
2
] and S × [1
2
, 1] then their arcs of intersection form a set of
diameter at most 13 in the arc complex such that the arcs in S×{0} are
disjoint from the images of the arcs in S × {1} under the monodromy.
Thus if we choose a monodromy map that moves every arc in the arc
complex for S a distance of at least 15, then the induced Heegaard
splitting will be strongly irreducible. Such a monodromy can be found,
for example, by taking a high power of a pseudo-Anosov map.
5. One-sided Heegaard splittings
A one-sided Heegaard surface is an embedded, non-orientable surface
S ⊂M such that the complement S \M is an open handlebody H . A
regular neighborhood of S will be a twisted interval bundle such that
S is the surface that consists of the midpoints of the intervals in the
interval bundle structure.
The mapping class groups of certain one-sided Heegaard surfaces
were examined by Birman and Rubinstein [30]. We can construct a
(two-sided) Heegaard splitting from a one-sided Heegaard surface as
follows: Let N be a regular neighborhood of S and let α be an interval
in the interval bundle structure for N . The complement in N of a
regular neighborhood O ⊂ N of α is a handlebody H− whose genus is
equal to the crosscap number of S. If H is the complement M \N then
the union H ∪ O will be a second handlebody H+ and the common
boundary H− ∩H+ will be a Heegaard surface Σ.
Note that if we isotope Σ into N , it will form a strongly irreducible
Heegaard surface for this interval bundle. The manifold M is the re-
sult of gluing a handlebody to N , and Li has shown [21] that for a
sufficiently complicated gluing map, such a Heegaard surface Σ will
be strongly irreducible. Thus we can use this construction to produce
strongly irreducible Heegaard splittings.
An automorphism for Σ can be induced by a one-sided Heegaard
splitting in two different ways: First, if ψ is an automorphism of S, i.e.
a map from M to itself that takes S onto itself, then we can isotope
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the map ψ to take intervals to intervals within N . Moreover, because
α is a single interval, we can choose ψ so that it takes α onto itself
as well as taking O onto itself. Thus ψ will determine an element of
Mod(M,Σ). If this element does not reverse the direction of α then it
will fix a meridian dual to the arc α and thus be reducible.
To find a one-sided splitting with such a symmetry, let L ⊂ M be
a knot such that M \ L is fibered and the boundary of any page of
the fibration wraps around L exactly twice. Then the union of L and
any page of the fibration forms a one-sided Heegaard surface S for M
and the open book structure determines an automorphism of S similar
to the automorphisms of two-sided Heegaard surfaces induced by open
books.
Assume that the arc used to turn S into a two-sided surface Σ lies
in a regular neighborhood of L. Then outside this regular neighbor-
hood, Σ is very similar to the Heegaard splitting induced by an open
book decomposition. Inside the solid torus neighborhood Σ looks like a
twice-punctured torus defining a torus twist, as described in Section 3.
Applying Masur and Schleimer’s Lemma [24], as we did in the open
book construction, one can show that if the monodromy map for the
surface bundle moves every arc in the arc complex a distance of at least
15 then this Heegaard splitting will have distance exactly two.
Whether or not the mapping class group of the one-sided surface S
is non-trivial, there is a second type of automorphism of Σ as follows:
Consider the fundamental group of S with the point of intersection
S ∩ α as its base point. Every element of this group defines a path,
which we can extend to an isotopy of α within N . This extends to
an isotopy of Σ, which determines an element of Mod(M,Σ). If the
path in S is orientation preserving then the automorphism will fix the
meridian of α. Thus we have the following:
11. Lemma. There exist strongly irreducible Heegaard splittings in-
duced by one-sided Heegaard splitting and every Heegaard splitting in-
duced by a one-sided Heegaard surface admits a reducible automor-
phism.
Note that if one carries out this construction starting with a two-
sided Heegaard splittings, the result will always be stabilized. (In fact,
it will produce a stabilization of the initial Heegaard splitting.) How-
ever, there is still a way to generalize this construction.
Let G ⊂ M be an embedded handlebody or a union of disjoint,
embedded handlebodies and let S ⊂ M be a connected (one-sided or
two-sided) surface properly embedded in the complement of G such
that the boundary of S is disk busting in G. In other words, assume
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that for every essential, properly embedded disk D ⊂ G, there is a loop
in ∂S that cannot be isotoped disjoint from D. Moreover, assume that
the complement of S∪G inM is one or two handlebodies, depending on
whether S is one-sided or two-sided. We will call the structure (G, S)
a branched Heegaard surface.
We can form a Heegaard splitting (Σ, H−, H+) by a construction
similar to the one for one-sided surfaces: Let H− be a regular neighbor-
hood of G union the result of puncturing S in a single point. Let N be
a regular neighborhood of G∪S. In the case when S is non-orientable,
the complement of N is a single handlebody and Li’s Theorem [21]
implies that there are examples where the resulting Heegaard splitting
is strongly irreducible.
In the case when S is orientable, we form M by gluing two han-
dlebodies to the boundary of N , so we cannot apply Li’s Theorem.
Instead, let O ⊂ N be a regular neighborhood of the arc α dual to the
puncture in S. Choose a component F ⊂ ∂N and let E ⊂ F be the
disk O∩F . By construction, N \O is a handlebody H ′ and F ′ = F \O
is a subsurface of ∂H ′. This subsurface is not the horizontal bound-
ary of an interval bundle in H ′, so Theorem 12.1 in [24] implies that
the projection of the disk set for H ′ into the arc complex for F ′ has
diameter at most 60.
Any arc in F ′ can be extended uniquely into E to form a simple
closed curve. If two arcs are disjoint then their corresponding loops
will have distance at most two. Thus the diameter of the set of loops
in F defined by disks in H ′ is at most 120. If we glue a handlebody
H ′′ to F so that the disk set of H ′′ is distance at least three from the
projection of the disk set of H ′ in the curve complex for F then every
disk in H ′′ will intersect every disk in H ′, so the induced Heegaard
splitting of the resulting 3-manifold will be strongly irreducible. By
Li’s Theorem [21] we can then glue in the second handlebody so that
the final Heegaard splitting (Σ, H−, H+) is strongly irreducible.
We have shown that strongly irreducible Heegaard splittings can re-
sult from branched Heegaard splittings with orientable or non-orientable
surfaces. As with Heegaard splittings induced by one-sided Heegaard
surfaces, there are reducible elements of Mod(M,Σ) that result from
isotoping the arc α around a path in S. Thus we have the following.
12. Lemma. There exist strongly irreducible Heegaard splittings in-
duced by branched Heegaard splittings and every Heegaard splitting in-
duced by a branched Heegaard splitting admits a reducible automor-
phism.
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6. Classifying reducible automorphisms
Proof of Theorem 3. Let Σ be a strongly irreducible Heegaard surface
for a hyperbolic 3-manifold M and φ ∈ Mod(M,Σ) an infinite order,
reducible automorphism with fixed set L ⊂ Σ. Choose a power of φ
that is the identity on each component of L.
Because M is irreducible, if M \L is reducible then there is a sphere
S ⊂M \L bounding a ball B ⊂M containing one or more components
of L. Choose this sphere to be transverse to Σ and to intersect Σ in
the smallest possible number of loops among all such spheres. If S is
compressible in the complement of Σ then the compression produces
two spheres that intersect Σ in fewer loops, at least one of which is
essential in the complement of L.
Thus S must be incompressible in the complement of Σ. By Scharle-
mann’s characterization of how a strongly irreducible Heegaard split-
ting intersects a ball (Theorem 2.1 in [31]), we must have that Σ∩B is
an unknotted punctured sphere. In this case, every component ℓ of L
in B bounds a disk D in one of the handlebodies for the Heegaard split-
ting, say H−. By Oertel’s classification of reducible automorphisms of
handlebodies [28], either ℓ cobounds an essential annulus in H+ or ℓ is
in the vertical boundary of an interval bundle structure within H+.
In the first case, boundary compressing the annulus produces a disk
in H+ whose boundary is disjoint from ℓ = ∂D. Thus the first case
cannot occur when Σ is strongly irreducible.
In the second case, let X ⊂ H+ be the interval bundle and let S be
union of the surface formed by the midpoints of the intervals and the
disk D ⊂ H− bounded by ℓ. The closure of the complement H+\X is a
(possibly empty) handlebody G such that ∂S is contained in ∂G. Any
disk in G disjoint from ∂S is properly embedded in H+ and disjoint
from D. Because Σ is strongly irreducible, this implies that ∂S must
be disk busting in G. Moreover, the complement of G ∪ S is isotopic
to the handlebody that results from compressing H− across D. If G
is empty then S is a one-sided or two-sided Heegaard surface, though
it must be one-sided since Σ is strongly irreducible. If G is not empty
then (G, S) is a branched Heegaard surface.
Otherwise, we will assume L is irreducible. If the complement of
L is not hyperbolic then there is a collection of JSJ tori T ⊂ M \ L.
(Note that since M is hyperbolic, M \ L cannot be a Seifert fibred
space with two exceptional fibres). Because M is hyperbolic and L is
irreducible, each torus T ⊂ T bounds a solid torus C in M . Again, we
will compress T maximally in the complement of Σ. By Scharlemann’s
classification of how a strongly irreducible Heegaard splitting intersects
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a handlebody [32], the intersection Σ∩C consists of incompressible an-
nuli and possibly one piece that results from attaching a tube between
two such annuli, or from an annulus to itself. (These are the types of
pieces that determine torus twists.) By Oertel’s classification [28], the
loops of L must cobound annuli with each other or with components
of L outside of T , though they are not parallel in Σ. Thus the loops
must all be parallel in C and thus parallel into T .
Let M ′ ⊂ M be the component of M \ T that is not a solid torus
C. By construction, M ′ is atoroidal and thus hyperbolic. Because φ
fixes each component of L and T consists of a union of annuli in the
handlebodies H−, H+ with boundary parallel into L, the map φ can
be isotoped to fix T , and thus take M ′ onto itself.
If Σ is incompressible in the complement of L then let R = Σ. Oth-
erwise, there is either a single component of Σ\L that has compressing
disks disjoint from L on both sides, or there are one or more compo-
nents with compressing disks all on the same side. In the first case,
let R be the union of the two surfaces that result from compressing
the compressible component of Σ \ L maximally in each direction. In
the second case, let R be the result of compressing Σ maximally in
the complement of L (all in one direction.) We can conclude that R is
incompressible, using Scharlemann’s no nesting lemma for compressing
disks for strongly irreducible Heegaard splittings [31].
The surface R is canonical up to isotopy, i.e. its isotopy class does
not depend on the choice of compressions, as long as they are maximal.
Thus φ can be isotoped to take R onto itself.
The hyperbolic submanifold M ′ ⊂ M has a finite mapping class
group, so some power φk is isotopy trivial on M ′ but restricts to a
non-trivial automorphism of Σ ∩M ′, since φ has infinite order. This
implies that there is an ambient isotopy of M ′ that takes R onto itself.
If the induced automorphism of R from this isotopy is non-trivial then
the isotopy of M ′ that takes R onto itself defines a map of a non-
trivial surface bundle over R into M ′. Because R is incompressible,
the inclusion map of its fundamental group is injective, so this implies
that the fundamental group of M ′ contains a semi-direct product of
the fundamental group of R with Z, since no power of the image loop
α of a base point in R under the isotopy can be homotoped into R, as
the isotopy induces a non-trivial automorphism of R. (It is simple to
arrange that the isotopy moves a base point, chosen on R, around a
loop α in M ′).
By the proof of Theorem 11.1 in [13], this implies M ′ is a surface
bundle with fiber R. Notice that without loss of generality, a bound-
ary loop C± of R is moved by the isotopy around a mapped in torus
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T±. This torus is π1-injective and since M
′ is hyperbolic, the torus is
homotopic to a covering of a boundary component of M ′.
If M is not a surface bundle, then there is an infinite cyclic covering
of M given by using the cohomology class dual to R, which evaluates
α to a non-zero integer. The lifts of R to this covering space bound
regions which are not products and so the inclusions of their fundamen-
tal groups are not conjugate subgroups. We conclude that this cannot
occur if there is an ambient isotopy taking R to itself.
Consequently, R defines a Heegaard surface Σ′ forM , after we extend
it into the solid tori by annuli, or a twice-punctured torus if the slope
wraps around a solid torus twice. In the latter case, if there are any
components of L outside of this solid torus, the surface Σ′ will be
weakly reducible. Thus Σ′ comes from one of the two constructions
described in Section 4. The surface Σ is the result of attaching zero or
more tubes to Σ′. By Proposition 22 in [16], attaching tubes in this
way always produces a stabilized (and thus weakly reducible) Heegaard
splitting. Thus Σ must be isotopic to Σ′ and is induced by an open
book decomposition.
Otherwise, if φ does restrict to the identity map on R then the iso-
topy defined by φ takes place entirely in the complement of a regular
neighborhood of R, i.e. in a submanifold of M bounded by a union of
surfaces that result from compressing subsurfaces of Σ in the comple-
ment of L. This corresponds to the final case in the theorem. 
7. Stabilized Splittings
In this final section, we construct a large collection of pseudo Anosov
automorphisms of any stabilized Heegaard splitting of genus three or
more. The same methods can be used to find pseudo Anosov auto-
morphisms of stabilized genus two splittings, but we leave the details
of this construction to the reader. The pseudo Anosov automorphisms
are compositions of reducible automorphisms.
It is an open question whether there are Heegaard splittings with
only pseudo Anosov automorphisms. Such a splitting would need to
be strongly irreducible. Pseudo Anosov automorphisms do occur in ir-
reducible Heegaard splittings, but there are no general methods known
for constructing such splittings. The only known example was found
by Long [22].
13.Theorem. If (Σ, H−, H+) is a stabilized Heegaard splitting of genus
at least three then Mod(M,Σ) contains a pseudo Anosov element in the
kernel of i.
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Proof. Let (Σ, H−, H+) be a stabilized Heegaard splitting of a manifold
M . Then there is an embedded sphere S ⊂M bounding a ball B such
that S∩Σ is a single loop and Σ∩B is a punctured torus. The sphere S
is called a reducing sphere. If we replace the subsurface Σ∩B with one
of the disks in the complement S \ Σ, the result is a Heegaard surface
R of a Heegaard splitting (R,G−, G+).
We can reconstruct Σ fromR by choosing a ball B ⊂ M such that the
intersection B∩Σ is a disk D ⊂ R, then replacing D with a standardly
embedded punctured torus in B. The sphere ∂B becomes a reducing
sphere for the new surface (which is isotopic to Σ.)
Assume there is a properly embedded, essential disk D1 ⊂ H
− such
that the intersection D∩ ∂D1 consists of a single arc. Let α ⊂ D1 be a
properly embedded arc whose endpoints are in D. Stabilizing R at D
is equivalent to attaching a tube to R along α. The reducing sphere ∂B
is isotopic to the union of the boundary of a regular neighborhood of α
and one of the disk components of D1 \ α. There is a second reducing
sphere defined by the union of a regular neighborhood of α and the
second component of D1 \ α. The loops of intersection between Σ and
these spheres are shown in Figure 3. As shown on the right of the
figure, the loop determined by the second reducing sphere intersects
Σ∩B in two arcs and intersects R in a pair of arcs parallel to ∂D1 \D.
Figure 3. After adding a stabilization along an arc in a
disk D in H−, there is a second reducing sphere defined
by D.
Because Σ has genus at least three, R has genus at least two. Hempel [14]
showed that the diameter of the set of curves in the curve complex
bounding loops in a handlebody of genus at least two is infinite. Thus
there are disks D′1 ⊂ G
− and D′2 ⊂ G
+ whose boundaries are distance
at least three apart. This implies that the complement in R of the
boundaries of these disks is a collection of disks.
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Figure 4. By placing the stabilization at the intersec-
tion of a pair of disks in opposite handlebodies, we find
two reducing spheres that cut the surface into disks.
Let x be a point in the intersection ∂D′1 ∩ ∂D
′
2 and let D ⊂ R be
a small disk containing x and such that D intersects the boundary of
each disk D′1, D
′
2 in a single arc. Construct a surface isotopic to Σ by
stabilising Σ at the disk D.
As described above, there is a reducing sphere S1 for Σ such that
S1 ∩ R consists of two arcs parallel to ∂D1 and a second reducing
sphere S2 that intersects R in a pair of arcs parallel to ∂D2, as shown
in Figure 4. The complement in R of S1∪S2 is a collection of disks. The
complement in Σ∩B of S1 ∪ S2 consists of three disks, as in Figure 4.
There is an automorphism of (Σ, H−, H+) that restricts to a Dehn
twist along S1∩Σ and a second automorphism that restricts to a Dehn
twist along S2∩Σ. Because the complement in Σ of the loops S1∩Σ and
S2 ∩Σ is a collection of disks, a Theorem of Penner [29] implies that a
composition of powers of these two Dehn twists is pseudo Anosov. 
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